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Introduction 31 

Assessment is a critical step in the teaching and learning process for students, 32 

teachers, administrators, and parents, as a “systematic collection and analysis of 33 

information to improve student learning” (Stassen et al., 2001, 5). Student mathematics 34 

assessment is evolving from rote tests of skills to multi-dimensional measures of 35 

problem-solving capacity and evidence-based reasoning. This evolution is ongoing in 36 

California, as assessments continue to change in order to reflect shifting classroom, 37 

school, district, and state priorities. However, as increasingly modern assessments 38 

continue to replace traditional tests, all educational assessment should share a common 39 

purpose: collecting evidence to enhance student learning, supporting students’ 40 
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development of positive mathematics identities (Aguirre, Mayfield-Ingram, and Martin, 41 

2013). 42 

A comprehensive assessment system consists of summative, interim, and formative 43 

assessment. This chapter begins by addressing the need for rethinking the frequency of 44 

tests in classrooms that focus only on answer finding. The chapter will discuss the two 45 

primary forms of mathematics assessments: formative assessment (assessment for 46 

learning), and summative assessment (assessment of learning). Each of these will be 47 

discussed in detail and describe how they relate to mathematics instruction and 48 

learning, with several examples shown. 49 

Broadening Assessment Practices 50 

Important mathematics learning is multidimensional and can be demonstrated through 51 

many forms of communication, such as speaking, drawing, writing, and model building – 52 

integrating mathematical content and practices. It has long been the practice in 53 

mathematics classrooms to assess students’ mathematics achievement through narrow 54 

tests of procedural knowledge. The knowledge needed for success on such tests is far 55 

from the adaptable, critical and analytical thinking needed by students in the modern 56 

world. The California Assessment of Student Performance and Progress (CAASPP) has 57 

been designed to assess students in responsive and multifaceted ways, capturing their 58 

reasoning and problem solving. More traditional forms of tests, that are usually 59 

decontextualized questions that require procedural knowledge, without any reasoning or 60 

problem solving, have been found to be of limited use in predicting success in college 61 

and the workplace. This has led leading employers, such as Google, to eliminate 62 

standardized tests from their application requirements (Bryant, 2013). Many colleges, 63 

including all of the University of California colleges, have now eliminated SAT tests from 64 

the admissions process. 65 

Measurements of learning that are most helpful are those that assess students’ breadth 66 

of knowledge and understanding of mathematical content and practices, and that 67 

require students to reason and problem solve. Recommendations for assessment 68 

equitable teaching and assessing, with clear links between the pursuit of equity and the 69 
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ways teachers assess students can be found in Feldman (2019) and DeSilva (2020). 70 

This chapter sets out an approach that includes the principle that assessment design 71 

elements should be inclusive of considerations for all students, including culturally and 72 

linguistically diverse learners and students in multilingual programs. 73 

A particularly damaging assessment practice to avoid is the use of timed tests to assess 74 

speed of mathematical fact retention, as such tests have been found to prompt 75 

mathematics anxiety. When anxious, the working memory—the part of the brain needed 76 

for reproducing mathematics facts—is compromised. Math anxiety has now been 77 

recorded in students as young as five years old (Ramirez et al., 2013) and timed tests 78 

are a major cause of this debilitating, often life-long condition (Boaler, 2014). In recent 79 

years, brain researchers have found that the students who are most successful with 80 

number problems are those who are using different brain pathways—one that is 81 

numerical and symbolic and the other that involves more intuitive and spatial reasoning 82 

(Park and Brannon, 2013). Alternative activities can be used that develop mathematics 83 

fact fluency through engaging, conceptual, visual activities, instead of anxiety 84 

producing, speed tests. Inflexible, narrow methods of assessing mathematical 85 

competence also disadvantage students with learning differences. The framework of 86 

Universal Design for Learning (UDL) explicitly calls for multi-dimensional assessment 87 

practices (Meyer et al., 2014). In mathematics, assessments should be flexible, allowing 88 

for multiple means of expression, such as talking, writing words, drawing using 89 

manipulatives or typing responses, as well as provide actionable feedback to students 90 

(Lambert, 2020). They should also assess an integrated approach of mathematical 91 

content and practices. For multilingual learners, teachers can consider whether students 92 

can show their understanding in their own language. The Smarter Balanced CAASPP 93 

assessment is available in Spanish in a “stacked version” showing the questions in both 94 

languages (https://www.caaspp.org/). 95 

Chapters 6, 7, and 8 set out an approach to mathematics teaching through big ideas 96 

that integrate mathematical content and practices, instead of narrow procedures, with 97 

many ideas for tasks that focus on big ideas throughout transitional kindergarten 98 

through grade twelve. Assessments should match the focus on big ideas, with students 99 
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receiving opportunities to share conceptual thinking, reasoning and work, that are 100 

assessed with rubrics, as set out in this chapter. 101 

Figure 12.1 shows the big ideas for grade three followed by a rubric that focuses on the 102 

big ideas and mathematical practices. 103 

Figure 12.1. Big Idea Network Map for Grade Three—see also appendix A for big ideas 104 

TK-10. 105 

 106 

Link to long description 107 

Sample Rubric for Grade Three Assessing Big Ideas and Mathematical Practices 108 

This rubric gives an overview of the big ideas for grade three. It connects the Drivers of 109 

Investigation to both the big ideas and the standards for mathematical practice (SMP). 110 

Periodically and throughout the school year, teachers can use a rubric like this to 111 

assess and give feedback to students around their strengths and areas for growth. The 112 

teacher notes those indicators that the student has shown understanding, and which 113 
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ones the student should focus on to further student learning. The final two columns are 114 

meant to be filled in by the teacher. 115 

Considerations for the final two columns to be completed by the teacher (TBT): 116 

Student Strength: What does the student understand in terms of this standard? What 117 

linguistic and cultural assets possessed by the students can I tap into to support all 118 

students, including those on the road to English proficiency, in their mastery of the 119 

content? 120 

Student Area for Growth: What should the student focus on to strengthen their 121 

understanding of this standard? 122 

Content 
Connections 

Big ideas Mathematical 
Practice Standards 

Indicators: The 
student... 

Student 
Strength 

Student 
area for 
Growth 

Communicating 
Stories with 
Data 

Represent 
Multivariate 
Data 

SMP.1: Make sense 
of problems and 
persevere in solving 
them. 
SMP.4: Model with 
mathematics 
SMP.6: Attend to 
precision 

-Interprets appropriate 
meaning from graphs 
-Strategically 
organizes multivariable 
data 
-Creates graphs that 
clearly communicate 
information from data 

TBT TBT 

Communicating 
Stories with 
Data 

Fractions of 
Shape and 
Time 

SMP.4: Model with 
mathematics 
SMP.5: Use 
appropriate tools 
strategically. 
SMP.6: Attend to 
precision 

-Creates data 
visualizations that 
clearly capture and 
communicate about 
data collected over 
time  

TBT TBT 

Exploring 
Changing 
Quantities 

Addition and 
Subtraction 
problems 

SMP.3: Construct 
viable arguments 
and critique the 
reasoning of others. 
SMP.5: Use 
appropriate tools 
strategically. 
SMP.7: Look for and 
make use of 
structure. 

-Computes sums and 
differences within 1000 
-Justifies solutions 
using appropriate tools 
or models 
-Constructs arguments 
with clear reasoning to 
support solutions 

TBT TBT 
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Content 
Connections 

Big ideas Mathematical 
Practice Standards 

Indicators: The 
student... 

Student 
Strength 

Student 
area for 
Growth 

Exploring 
Changing 
Quantities 

Number 
Flexibility to 
100 

SMP.3: Construct 
viable arguments 
and critique the 
reasoning of others. 
SMP.4: Model with 
mathematics. 
SMP.5: Use 
appropriate tools 
strategically. 

-Computes products 
and quotients within 
100  
-Justifies solutions 
using appropriate tools 
or models 
-Constructs arguments 
with clear reasoning to 
support solutions 

TBT TBT 

Taking Wholes 
Apart, Putting 
Parts Together 

Square Tiles SMP.2: Reason 
abstractly and 
quantitatively. 
SMP.5: Use 
appropriate tools 
strategically. 

-Measures area using 
square tiles as tools 
-Connects the area of 
individual square tiles 
to area of entire 
shape’s area using 
fractions. 

TBT TBT 

Taking Wholes 
Apart, Putting 
Parts Together 

Fractions of 
shape and 
time 

SMP.2: Reason 
abstractly and 
quantitatively. 
SMP.4: Model with 
mathematics 
SMP.7: Look for and 
make use of 
structure 

-Collects and 
organizes multivariable 
data in relationship to 
time 
-Creates connections 
that highlight the 
relationship between 
measures of time 
including minutes, 
quarter, and half hours. 

TBT TBT 

Taking Wholes 
Apart, Putting 
Parts Together 

Fractions as 
relationships 

SMP.2: Reason 
abstractly and 
quantitatively. 
SMP.7: Look for and 
make use of 
structure 

-Interprets the 
relationship between 
the numerator and 
denominator of 
fractions-- especially in 
context 
-Recognizes and 
connects equivalent 
fractions to one 
another. 

TBT TBT 

Taking Wholes 
Apart, Putting 
Parts Together 

Unit Fraction 
Models 

SMP.3: Construct 
viable arguments 
and critique the 
reasoning of others. 
SMP.4: Model with 
mathematics 

-Uses visual models to 
compare unit fractions 
-Justifies arguments 
about unit fractions 
using visual models 

TBT TBT 
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Content 
Connections 

Big ideas Mathematical 
Practice Standards 

Indicators: The 
student... 

Student 
Strength 

Student 
area for 
Growth 

Discovering 
Shape and 
Space 

Analyze 
Quadrilaterals 

SMP.2: Reason 
abstractly and 
quantitatively. 
SMP.4: Model with 
mathematics 

-Compares 
quadrilaterals based 
on various features 
-Investigates how area 
and perimeter change 
when side lengths 
change. 
-Solves real world 
problems involving 
area and perimeter of 
quadrilaterals through 
modeling. 

TBT TBT 

Discovering 
Shape and 
Space 

Fractions as 
Relationships 

SMP.2: Reason 
abstractly and 
quantitatively. 
SMP.4: Model with 
mathematics 

-Creates visual 
representations that 
model fractions 
-Justifies how a model 
represents a fractional 
quantity by relating the 
numerator, 
denominator and 
visual. 

TBT TBT 

Discovering 
Shape and 
Space 

Unit Fraction 
Models  

SMP3: Construct 
viable arguments 
and critique the 
reasoning of others. 
SMP4: Model with 
mathematics 

-Uses visual models to 
compare unit fractions 
by attending to 
differences in scale 
-Justifies arguments 
about unit fractions 
using visual models 

TBT TBT 

Source: CDE, 2021, 158-160. 123 

Two Types of Assessment 124 

There are two general types of assessment, formative and summative. Formative 125 

assessment, commonly referred to as assessment for learning, has the goal of 126 

providing in-process information to teachers, and students, with regard to learning. 127 

Formative assessment is a process teachers and students use during instruction that 128 

provides feedback to adjust ongoing teaching moves and learning tactics. It is not a tool, 129 

an event, or a bank of test items or performance tasks. The following definition of 130 
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formative assessment comes from the English Language Arts/English Language 131 

Development Framework (ELA/ELD Framework, CDE, 2014): 132 

What is formative assessment? Formative assessment is a process teachers and 133 

students use during instruction that provides feedback to adjust ongoing teaching 134 

moves and learning tactics. It is not a tool or an event, nor a bank of test items or 135 

performance tasks. Well-supported by research evidence, it improves students’ learning 136 

in time to achieve intended instructional outcomes. Key features include: 137 

1. Clear lesson-learning goals and success criteria, so students understand 138 

what they’re aiming for; 139 

2. Evidence of learning gathered during lessons to determine where students are 140 

relative to goals; 141 

3. A pedagogical response to evidence, including descriptive feedback that 142 

supports learning by helping students answer: Where am I going? Where am I 143 

now? What are my next steps? 144 

4. Peer- and self-assessment to strengthen students’ learning, efficacy, 145 

confidence, and autonomy; 146 

5. A collaborative classroom culture where students and teachers are partners in 147 

learning. 148 

From Linquanti (2014, 2). 149 

Ongoing research and evidence on formative assessment illustrates how it improves 150 

students’ learning in time to achieve intended instructional outcomes (CDE, 2014). The 151 

CAASPP system encompasses both formative and summative assessment resources, 152 

and reflects the work of the Smarter Balanced Assessment Consortium, which further 153 

defines formative assessment in the context of the system (Regents of the University of 154 

California, 2021). 155 
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Summative assessment, commonly referred to as assessment of learning, has the 156 

goal of collecting information on a student’s achievement after learning has occurred. 157 

Summative assessment measures include classroom, interim or benchmark 158 

assessments, and large-scale summative measures, such as the CAASPP or SAT. 159 

Summative assessments help determine whether students have attained a certain level 160 

of competency after a more or less extended period of instruction and learning; such as 161 

the end of a unit which may last several weeks, the end of a quarter, or annually 162 

(National Research Council [NRC], 2001). 163 

Regardless of the type or purpose of an assessment, teachers should keep in mind that 164 

the UDL principles call for students to be provided multiple means of action and 165 

expression. An illustration of this can be as simple as allowing students the option to 166 

talk through their solution by pointing and verbalizing (instead of requiring writing), or 167 

using arrows and circles to highlight particular pieces of evidence in their solution rather 168 

than repeating statements in their explanation. Providing a variety of ways for students 169 

to showcase what they can do and what they know is especially important in 170 

mathematics assessments. Aligning assessment with one or more UDL principles can 171 

better inform the teacher of what students are learning, and multiple means of 172 

representation, whether used to inform formative assessment of daily progress or as a 173 

summative display of enduring mathematical understanding, can create a complex and 174 

diverse mosaic of student achievement. 175 

An underlying question for teachers as they design, implement, and adapt assessments 176 

to be effective for all students is: How can students demonstrate what they know in a 177 

variety of ways? Increased use of distance learning during the pandemic has caused a 178 

shift in assessment practices which has distinct benefits for students being able to show 179 

their understanding in alternative ways. For example, students can video record their 180 

thinking related to a task or they can post answers in a live chat or anonymous poll. By 181 

considering and planning for the variety of ways in which students can demonstrate 182 

their skills and knowledge, they are better able to provide teachers with the information 183 

on what they succeed in doing, and where their challenges are. 184 



 

11 

The main differences between formative and summative assessment are outlined in 185 

Figure 12.2, which comes from the ELA/ELD Framework. 186 

Figure 12.2: Key Dimensions of Assessment for Learning and Assessment of Learning 187 

Assessment: A process of Reasoning from Evidence to Inform Teaching and Learning 188 

Dimension Assessment for 
learning 

Assessment of 
learning 

Assessment of 
learning 

Method 
Formative 

Assessment 
Process 

Classroom 
Summative/ 

Interim/Benchmark 
Assessment* 

Large-scale 
Summative 

Assessment 

Main 
Purpose 

Assist immediate 
learning (in the 

moment) 

Measure student 
achievement or 

progress (may also 
inform future teaching 

and learning) 

Evaluate educational 
programs and 

measure multi-year 
progress 

Focus Teaching and 
learning Measurement Accountability 

Locus Individual student and 
classroom learning 

Grade level/ 
department/school School/district/state 

Priority for 
Instruction High Medium Low 

Proximity 
to learning In-the-midst Middle-distance Distant 

Timing 
During immediate 

instruction or 
sequence of lessons 

After teaching-
learning cycle → 

between 
units/periodic 

End of year/course 

Participants Teacher and Student 
(T-S / S-S / Self) 

Student (may later 
include T-S in 
conference) 

Student 

Adapted from Linquanti (2014). 189 

*Assessment of learning may also be used for formative purposes if assessment 190 

evidence is used to shape future instruction. Such assessments include weekly quizzes; 191 

curriculum embedded within-unit tasks (e.g., oral presentations, writing projects, 192 

portfolios) or end-of-unit/culminating tasks; monthly writing samples, reading 193 
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assessments (e.g., oral reading observation, periodic foundational skills assessments); 194 

and student reflections/self-assessments (e.g., rubric self-rating). 195 

Source: CDE, 2014, Chapter 8. 196 

The different purposes of assessment cycles are set out in Figure 12.3, from the 197 

ELA/ELD Framework. 198 

Figure 12.3 199 

 200 
Link to long description 201 

These are further exemplified in the following short-, medium-, and long-cycle tables 202 

from the ELA/ELD Framework. 203 
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Short 
Cycle 

Methods Information Uses/Actions 

Minute-by-
minute 

-Observation  
-Questions (teachers 
and students) 
-Instructional tasks 
-Student discussions 
-Written work/ 
representations 

-Students’ current 
learning status, 
relative difficulties 
and 
misunderstandings, 
emerging or partially 
formed ideas, full 
understanding 

-Keep going, stop 
and find out more, 
provide oral feedback 
to individuals, adjust 
instructional moves in 
relation to student 
learning status (e.g., 
act on “teachable 
moments”)  

Daily 
Lesson 

Planned and placed 
strategically in the 
lesson: 
-Observation 
-Questions (teachers 
and students) 
-Instructional tasks 
-Student discussions 
-Written work/ 
representations 
-Student self-
reflection (e.g., quick 
write) 

-Students’ current 
learning status, 
relative difficulties 
and 
misunderstandings, 
emerging or partially 
formed ideas, full 
understanding  

-Continue with 
planned instruction 
-Instructional 
adjustments in this or 
the next lesson 
-Find out more 
-Feedback to class or 
individual students 
(oral or written) 

Week -Student discussions 
and work products 
-Student self-
reflection (e.g., 
journaling) 

-Students’ current 
learning status 
relative to lesson 
learning goals (e.g., 
have students met 
the goal(s), are they 
nearly there? 

-Instructional 
planning for start of 
new week 
-Feedback to 
students (oral or 
written) 

 204 
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Medium 
Cycle 

Methods Information Uses/Actions 

End-of-
Unit/ 
Project 

-Student work 
artifacts (e.g., 
portfolio, writing 
project, oral 
presentation) 
-Use of rubrics 
-Student self-
reflection (e.g., short 
survey) 
-Other classroom 
summative 
assessments 
designed by 
teacher(s) 

-Status of student 
learning relative to 
unit learning goals- 

-Grading 
-Reporting 
-Teacher reflection 
on effectiveness of 
planning and 
instruction 
-Teacher grade level/ 
departmental 
discussions of 
student work 

Quarterly/ 
Interim/ 
Benchmark 

-Portfolio 
-Oral reading 
observation 
-Test 

-Status of 
achievement of 
intermediate goals 
toward meeting 
standards (results 
aggregated and 
disaggregated) 

-Making within-year 
instructional 
decisions. 
-Monitoring, 
reporting; grading; 
same-year 
adjustments to 
curriculum programs 
-Teacher reflection 
on effectiveness of 
planning and 
instruction 
-Readjusting 
professional learning 
priorities and 
resource decisions 

 205 
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Long Cycle Methods Information Uses/Actions 
Annual -Smarter Balanced 

Summative 
Assessment 
-ELPAC 
-Portfolio 
-District/school 
created test 

Status of student 
achievement with 
respect to standards 
(results aggregated 
and disaggregated) 

-Judging students’ 
overall learning 
-Gauging student, 
school, district, and 
state year-to-year 
progress 
-Monitoring, reporting 
and accountability 
- Classification and 
placement (e.g., ELs) 
-Certification 
-Adjustments to 
following year’s 
instruction, 
curriculum, 
programs; 
-Final grades 
-Professional 
learning prioritization 
and resource 
decisions 
-Teacher reflection 
(individual/grade 
level/department) on 
overall effectiveness 
of planning and 
instruction 

Source: CDE, 2014, Chapter 8. 206 

Note: The California English Language Development Test (CELDT) has been replaced 207 

by the English Learner Proficiency Assessment for Californian (ELPAC). 208 
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Formative Assessment 209 

Formative assessment is the collection of evidence to provide day-to-day feedback to 210 

students and teachers, so that teachers can adapt their instruction and students 211 

become self-aware learners who take responsibility for their learning. Formative 212 

assessment is typically classroom-based and in-sync with instruction, such as analyzing 213 

classroom conversations or over-the-shoulder observations of students’ diagrams, work, 214 

questions, and conversations. There are a number of aspects to effective formative 215 

assessment including embedded formative assessment, rubrics, teacher diagnostic 216 

comments, self and peer assessment. 217 

A central goal of formative assessment is encouragement of students to take 218 

responsibility for their learning. When teachers communicate to the students where they 219 

are now, where they need to be, and ways to close the gap between the two places, 220 

they provide valuable information to students that enhances their learning. In Black and 221 

Wiliam’s landmark study (1998) considering the evidence from hundreds of research 222 

studies on assessment, they found that if teachers shifted their practices and used 223 

predominantly formative assessment, it would raise the achievement of a country, as 224 

measured in international studies, from the middle of the pack to a place in the top five. 225 

In addition, Black and Wiliam found that if teachers were to assess students formatively, 226 

then the positive impact would outweigh that of other educational initiatives, such as 227 

reductions in class size (Black et al., 2002; Black and Wiliam, 1998). The following 228 

table, taken from Principles to Actions (NCTM, 2014, 56), provides helpful insight into 229 

specific teacher and student actions in a formative assessment setting. 230 

Figure 12.4: Elicit and Use Evidence of Student Thinking – Teacher and Student 231 

Actions 232 



 

17 

What are teachers doing? What are students doing? 

● Identifying what counts as evidence of 

student progress toward mathematics 

learning goals. 

● Eliciting and gathering evidence of 

student understanding at strategic 

points during instruction. 

● Interpreting student thinking to assess 

mathematical understanding, 

reasoning, and methods. 

● Making in-the-moment decisions on 

how to respond to students with 

questions and prompts that probe, 

scaffold, and extend. 

● Reflecting on evidence of student 

learning to inform the planning of next 

instructional steps. 

● Revealing their mathematical 

understanding, reasoning, and 

methods in written work and 

classroom discourse. 

● Reflecting on mistakes and 

misconceptions to improve their 

mathematical understanding. 

● Asking questions of their peers, and 

responding to questions from their 

peers, and giving suggestions to 

support the learning of their 

classmates. 

● Assessing and monitoring their own 

progress toward mathematics learning 

goals and identifying areas in which 

they need to improve. 

Formative Assessment Lessons 233 

One of the strengths of formative assessment is the flexibility, both in timing and 234 

approach, that it affords a classroom teacher. Indeed, one can argue that there are a 235 

myriad number of possibilities for teachers to conduct formative assessment throughout 236 

a lesson, such as monitoring the types of questions students are asking, the responses 237 

students are sharing to questions, and the quality of content in peer conversations. 238 

And—though much of this may be unplanned—when formative assessment is 239 

intentionally included in a daily lesson plan, the data and analysis are even more 240 

effective. 241 

When teachers notice and make sense of student thinking they are given an opportunity 242 

to assess formatively (Carpenter et al., 2014; Fernandes, Crespo, and Civil, 2017). The 243 

NCTM Principles to Action state that “[e]ffective teaching of mathematics uses evidence 244 

of student thinking to assess progress toward mathematical understanding and to adjust 245 
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instruction continually in ways that support and extend learning” (NCTM, 2014). 246 

Complex Instruction is a pedagogical approach that provides an example of the ways 247 

student discussions can provide teachers with formative assessment. Complex 248 

Instruction centers upon three principles for creating equity in heterogeneous 249 

classrooms through groupwork (Cohen and Lotan, 2014). The first principle involves 250 

students developing responsibility for each other, serving as academic and linguistic 251 

resources for one another (Cabana, Shreve, and Woodbury, 2014). The second 252 

principle involves students working together to complete tasks (Cohen and Lotan, 253 

2014). To realize this principle, teachers must manage equal participation in groups by 254 

valuing and highlighting a wide range of abilities and attending to issues of status 255 

amongst students (Cohen and Lotan, 2014; Tsu, Lotan, and Cossey, 2014). During 256 

groupwork, the teacher looks for opportunities to elevate students by highlighting their 257 

abilities and contributions to the group, which is referred to as “assigning competence” 258 

(Boaler and Staples, 2014). This principle recognizes the fact that group interactions 259 

often create status differences between students—and when a teacher perceives that a 260 

student has become “low status” in a group, they intervene by publicly praising a 261 

mathematical contribution they have made. Underlying these two principles is a third: 262 

the implementation of multi-dimensional, group-worthy tasks, which are challenging, 263 

open-ended, and require a range of ways of working (Cohen and Lotan, 1997; Banks, 264 

2014; LaMar, Leshin, and Boaler, 2020). As teachers work to manage heterogeneous 265 

groupwork and assign competence they will encounter opportunities to listen to student 266 

thinking and to assess formatively. Teachers are encouraged to plan for student 267 

groupings or pairings with language proficiencies in mind. Groupings should be flexible 268 

and purposeful and should not be exclusively by proficiency levels, as this can create in-269 

class tracking. English learners need opportunities to interact with peers who are native 270 

speakers of English, and to be provided access to language models and authentic 271 

opportunities to use their developing language skills. 272 

Snapshot: A teacher tries a new assessment approach. 273 

Vince is an experienced high school teacher who has been teaching for over 20 years in 274 

diverse classrooms, including linguistically and culturally diverse English learners and 275 
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students with learning differences. Vince uses a traditional system of testing and 276 

grading in his classroom, but recently read about assessment for learning and 277 

wondered if the summative assessments he had been using could be used in a 278 

formative manner. Instead of giving tests as summative assessments, as he had in 279 

previous years, he decided to ask students to answer as many problems as they could. 280 

Before beginning, Vince reviewed the questions as class to be sure everyone 281 

understood the directions, or words that may have multiple meanings. This ensured that 282 

all students had access to the questions. In consideration of Universal Design for 283 

Learning (UDL), he also briefly discussed the multiple modes of expressing their 284 

thinking that could be used, including diagrams, words, equations, tables, and 285 

flowcharts to show steps. When students identified questions which were too difficult 286 

and they could not answer them, he asked them to mark these questions and then use 287 

the help of a resource—such as a book or class notes, or translation software—in 288 

working out solutions. When students finished the assessment, the work they had done 289 

on the marked problems became the work they discussed in class. Vince made sure 290 

that as many voices were included in the conversation and that visuals were used. 291 

Vince said that the discussions gave him the best information he had ever had on his 292 

students’ understanding of the mathematics he was teaching. 293 

A rich repository of free lessons supporting teachers in formative assessment are the 294 

Classroom Challenges housed at the Mathematics Assessment Resource Service 295 

(MARS). Each lesson is structured around an active learning experience for students 296 

with a rich task and teachers are provided with common issues to look for in student 297 

responses to questions, as well as samples of, and guidance for, analyzing student 298 

work. 299 

“Maximizing Area: Gold Rush” is a sample grade-seven lesson with following guide to 300 

address common student questions. This lesson exemplifies how teachers can adjust 301 

their questioning strategies for students based on formative assessment data regarding 302 

student misconceptions (University of Nottingham, 2016). 303 

Gold Rush 304 
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Background: In the 19th Century, many prospectors travelled to North America to 305 

search for gold. A man named Dan Jackson owned some land where gold had been 306 

found. Instead of digging for the gold himself, he rented plots of land to the prospectors. 307 

 308 

Problem: Dan gave each prospector four wooden stakes and a rope measuring exactly 309 

1000 meters. Each prospector had to use the stakes and the rope to mark off a 310 

rectangular plot of land. 311 

 312 

1. Assuming each prospector would like to have the biggest plot, what should the 313 

dimensions of the plot be, once he places his stakes. Explain your answer. 314 

2. Read the following statement: 315 

“Join the ropes together! You can get more land if you work together than 316 

if you work separately.” 317 

Investigate whether the statement is true for two or more prospectors working 318 

together, sharing the plot equally, and still using just four stakes. Explain your 319 

answer. 320 
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Common Issues Suggested Questions and Prompts 
Does not understand the concept of an 
area and/or perimeter or does not know 
how to find the area or perimeter of a 
rectangle 

• What does the length of a rope given 
to a prospector measure? 

• How could you measure the amount 
of land enclosed by the rope? 

• How do you find the area of a 
rectangle? 

• How do you find the perimeter of a 
rectangle? 

Calculates the total amount of land, but 
not the amount of land for each 
prospector (Q2) 

• You’ve worked out the total area of 
land for both/all of the prospectors; 
how much land will each prospector 
get? 

Emphasizes only the human impact of 
sharing the land (Q2) 
For example: The students states that 
when two people share they can help 
each other out. 
Or: The student states that when sharing 
the land people are more likely to steal 
from each other. 

• Now investigate if combining ropes 
affects the amount of land each 
prospector gets 

Does not investigate any or very few 
rectangles 
For example: The student draws just one 
rectangle and calculates its area (Q1). 

• Now investigate the area of several 
different rectangles with the same 
perimeter, but different dimensions. 

Works unsystematically • How can you now organize your 
work? 

• How do you know for sure your 
answer is the best option? 

Presents work poorly 
For example: The student presents the 
work as a series of unexplained numbers 
and/or calculations. 

• Would someone unfamiliar with this 
work understand your method? 

Only investigates two prospectors sharing 
land 

• Suppose 3/4/5 prospectors share 
land. What area of land would each 
prospector get? 

Rubrics 321 

Although rubrics are often used by teachers as a tool to evaluate summative work and 322 

identify more reliable scores when grading student work, rubrics lend themselves to the 323 

formative assessment process because they can provide students with a clear set of 324 

expectations to achieve as they learn, and ultimately serve as success criteria for 325 

summative assessments. Rubrics help students, parents, and teachers identify what 326 
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quality work is. Students can judge their own work and accept more responsibility of the 327 

final product. Parents have a clear understanding of what is expected for tasks which 328 

helps them understand what it takes to meet or exceed a standard and what further 329 

learning needs to take place. 330 

A rubric can provide parameters for the mathematics students are learning and enable 331 

them to develop self-awareness and to reflect on their own progress. It is not 332 

uncommon for students to carefully answer questions in lessons, but experience 333 

difficulty when connecting their learning to the broader mathematical landscape. Use of 334 

a rubric enables students to assess their own learning as well as their peers; it also 335 

allows the teacher to provide comments to guide students to making important 336 

connections to other areas of their mathematical knowledge. In creating rubrics, 337 

teachers should be mindful of the variety of ways in which students can demonstrate 338 

their knowledge. Rubrics that are outcomes-based, as opposed to skill-specific, can 339 

provide multiple modes of engagement for students during instruction and encourage 340 

teachers to develop multiple options for students to showcase their skills and 341 

knowledge. For example, teachers can provide colored tape so students can make tape 342 

diagrams rather than drawing each section of tape and shading. Or teachers can use a 343 

camera to take a sequence of images to document students’ work while using 344 

manipulatives, such as integer chips, to solve a problem, thus sparing students from 345 

otherwise rote activities of copying and drawing. 346 

As seen in the rubric examples provided below, the criteria can focus on the 347 

mathematical practices, mathematical content, or both. The following two rubrics, 348 

created at the Stanford Center for Assessment Learning and Equity (SCALE), 349 

communicate the mathematical practices in a form that students can use to monitor 350 

their own progress and learning (Dieckmann and Kokka, 2016): 351 
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Practice Not Yet Approaches Achieves Masters 
Make sense 
of problems 
and 
persevere in 
solving them 

• I need 
assistance 
from my 
teacher to 
understand 
what the 
problem or 
question 
asks me to 
do. 

• I am unsure 
how to 
connect this 
problem or 
question to 
what I 
already 
know. 

• I am still 
working to 
organize the 
information 
in this 
problem or 
question. 

• I have a 
partial 
understanding 
of what a 
problem or 
question asks 
me to do. I 
am working 
on this to 
make the 
connection 
stronger. 

• I show partial 
connection 
between this 
question and 
what I already 
know. I am 
working on 
this to make 
the 
connection 
stronger. 

• I organized 
some of the 
information in 
this question 
or problem 
but missed 
some 
important 
information. 

• I explain 
questions 
and 
problems in 
my own 
words. 

• I relate 
questions 
and 
problems to 
similar 
things I 
have seen 
before. 

• I organize 
given 
information 
before 
attempting 
to solve. I 
check to 
make sure 
that my final 
solution 
makes 
sense and 
is 
reasonable. 

• Achieves, 
and also: 
My work 
includes a 
reflection 
of how I 
monitored 
myself 
while I was 
working 
and 
adjusted 
my plan 
when 
necessary. 
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Practice Not Yet Approaches Achieves Masters 
Reason 
abstractly 
and 
quantitatively 

• I am still 
working to 
translate 
between my 
math work 
(symbols, 
calculations) 
and real-
world 
situations. I 
currently do 
this with the 
assistance 
of my 
teacher. 

• I show and 
explain what 
some of my 
math work 
(symbols, 
calculations) 
means in real-
life contexts. 

• I show and 
explain 
what all or 
most of my 
math work 
(symbols, 
calculations) 
mean in 
real-life 
contexts. 

• I pay 
attention to 
the meaning 
of 
quantities, 
not just how 
to compute 
them.  

• Achieves, 
and also: I 
describe 
my 
solution 
and any 
limitations 
in terms of 
the real-
world 
context 
described 
within the 
problem. 

Math Performance Assessment Rubric (Grades Nine through Twelve) 352 

The ability to reason, problem-solve, develop sound arguments or decisions, and create 353 

new ideas by using appropriate sources and applying the knowledge and skills of a 354 

discipline. 355 

Criteria: Problem Solving 356 

What is the evidence that the student understands the problem and the mathematical 357 

strategies that can be used to arrive at a solution? 358 

Measurement: Emerging 359 

• Does not provide a model 360 

• Ignores given constraints 361 

• Uses few, if any, problem-solving strategies 362 

Measurement: Developing 363 

• Creates a limited model to simplify a complicated situation 364 

• Attends to some of the given constraints 365 

• Use inappropriate or efficient problem-solving strategies 366 

Measurement: Proficient 367 
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• Creates a model to simplify a complicated situation 368 

• Analyzes all given constraints, goals and definitions 369 

• Uses appropriate problem-solving strategies 370 

Measurement: Advanced 371 

• Creates a model to simplify a complicated situation and identifies limitations of 372 

model 373 

• Analyzes all given constraints, goals, and definitions and implied assumptions 374 

• Uses novel problem-solving strategies and/or strategic use of tools 375 

Criteria: Reasoning and Proof 376 

What is the evidence that the student can apply mathematical reasoning/procedures in 377 

an accurate and complete manner? 378 

Measurement: Emerging 379 

• Provides incorrect solutions without justifications 380 

• Results are not interpreted in terms of context. 381 

Measurement: Developing 382 

• Provides partially correct solutions or correct solution without logic or justification 383 

• Results are interpreted partially or incorrectly in terms of context. 384 

Measurement: Proficient 385 

• Constructs logical, correct, complete solution 386 

• Results are interpreted correctly in terms of context 387 

Measurement: Advanced 388 

• Constructs logical, correct, complete solution with justifications 389 

• Interprets results correctly in terms of context, indicating the domain to which a 390 

solution applies 391 

• (Monitors for reasonableness, identifies sources of error, and adapts 392 

approximately) 393 

Criteria: Connections 394 

What is the evidence that the student understands the relationships between the 395 

concepts, procedures, and/or real-world applications inherent in the problem? 396 
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Measurement: Emerging 397 

• Little or no evidence of applying previous math knowledge to given problem 398 

Measurement: Developing 399 

• Applies previous math knowledge to given problem but may include reasoning or 400 

procedural errors 401 

Measurement: Proficient 402 

• Applies and extends math previous knowledge correctly to given problem 403 

Measurement: Advanced 404 

• Applies and extends previous knowledge correctly to given problem; makes 405 

appropriate use of derived results 406 

• (Identifies and generalizes the underlying structures of the given problem to other 407 

seemingly unrelated problems or applications 408 

Criteria: Communication and Representation 409 

What is the evidence that the student can communicate mathematical ideas to others? 410 

Measurement: Emerging 411 

• Uses representations (diagrams, tables, graphs, formulas) in ways that confuse 412 

the audience 413 

• Uses incorrect definitions or inaccurate representations 414 

Measurement: Developing 415 

• Uses representations (diagrams, tables, graphs, formulas), though correct, do 416 

not help the audience follow the chain of reasoning; extraneous representations 417 

may be included 418 

• Uses imprecise definitions or incomplete representations with missing units of 419 

measure or labeled axes  420 

Measurement: Proficient 421 

• Uses multiple representations (diagrams, tables, graphs, formulas) to help the 422 

audience follow the chain of reasoning 423 

• With few exceptions, uses precise definitions and accurate representations 424 

including units of measure and labeled axes 425 

Measurement: Advanced 426 
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• Uses multiple representations (diagrams, tables, graphs, formula) and key 427 

explanations to enhance the audience’s understanding of the solution; only 428 

relevant representations are included 429 

• Uses precise definitions and accurate representations including units of measure 430 

and labeled axes; uses formal notation 431 

(SCALE et al., 2013). 432 

Another mathematical practice rubric that communicates outcomes in language written 433 

for students is given by Jennifer Wilson:  434 

An example of SMP.1 is shown below:435 

436 
Link to long description 437 

Source: Wilson, 2017. 438 
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The following rubric from the 2013 Mathematics Framework provides criteria based on a 439 

Smarter Balanced Sample Performance Task and Scoring Rubric. 440 

Performance Task 441 

Part A 442 

Ana is saving to buy a bicycle that costs $135. She has saved $98 and wants to know 443 

how much more money she needs to buy the bicycle. 444 

The equation 135 = x + 98 models this situation, where x represents the additional 445 

amount of money Ana needs to buy the bicycle. 446 

● When substituting for x, which value(s), if any, from the set 0, 37, 08, 135, 233  447 

will make the equation true? 448 

● Explain what this means in terms of the amount of money needed and the cost of 449 

the bicycle. 450 

Part B 451 

Ana considered buying the $135 bicycle, but then she decided to shop for a different 452 

bicycle. She knows the other bicycle she likes will cost more than $150. 453 

This situation can be modeled by the following inequality: 454 

● Which values, if any, from -250 to 250 will make the inequality true? If more than 455 

one value makes the inequality true, identify the least and greatest values that 456 

make the in- equality true.  457 

● Explain what this means in terms of the amount of money needed and the cost of 458 

the bicycle. 459 

Sample Top-Score Response: 460 

Part A 461 

● The only value in the given set that makes the equation true is 37. This means 462 

that Ana will need exactly $37 more to buy the bicycle. 463 

Part B 464 

● The values from 53 to 250 will make the inequality true. This means that Ana will 465 

need from $53 to $250 to buy the bicycle. 466 
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Scoring Rubric: 467 

 Responses to this item will receive 0–3 points, based on the following descriptions. 468 

3 points: The student shows a thorough understanding of equations and inequalities in a 469 

contextual scenario, as well as a thorough understanding of substituting values into 470 

equations and inequalities to verify whether they satisfy the equation or inequality. The 471 

student offers a correct interpretation of the equality and the inequality in the correct 472 

context of the problem. The student correctly states that 37 will satisfy the equation and 473 

that the values from 53 to 250 will satisfy the inequality.  474 

2 points: The student shows a thorough understanding of substituting values into 475 

equations and inequalities to verify whether they satisfy the equation or inequality, but 476 

limited understanding of equations or inequalities in a contextual scenario. The student 477 

correctly states that 37 will satisfy the equation and that the values from 53 to 250 will 478 

satisfy the inequality, but the student offers an incorrect interpretation of the equality or 479 

the inequality in the context of the problem. 480 

1 point: The student shows a limited understanding of substituting values into equations 481 

and inequalities to verify whether they satisfy the equation or inequality and 482 

demonstrates a limited understanding of equations and inequalities in a contextual 483 

scenario. The student correctly states that 37 will satisfy the equation, does not state 484 

that the values from 53 to 250 will satisfy the inequality, and offers incorrect 485 

interpretations of the equality and the inequality in the context of the problem. OR The 486 

student correctly states that the values from 53 to 250 will satisfy the inequality, does 487 

not state that 37 satisfies the equation, and offers incorrect interpretations of the 488 

equality and the inequality in the context of the problem. 489 

0 points: The student shows little or no understanding of equations and inequalities in a 490 

contextual scenario and little or no understanding of substituting values into equations 491 

and inequalities to verify whether they satisfy the equation or inequality. The student 492 

offers incorrect interpretations of the equality and the inequality in the context of the 493 
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problem, does not state that 37 satisfies the equation, and does not state the values 494 

from 53 to 250 will satisfy the equation. 495 

An engaging mathematics task that draws from mathematical and scientific 496 

understanding, is provided in the Science Framework (CDE, 2018). The task is 497 

accompanied by a rubric, that the teacher, Mr. A, used to assess the students’ work: 498 

Assessment Snapshot: Mathematical Thinking for Early Elementary 499 

Mr. A’s kindergarten class is conducting an investigation when they realize that they 500 

need to use mathematical thinking [SEP-5]. Mr. A’s class receives a package of 501 

silkworm eggs and is amazed how they all hatch on almost the same day! One student 502 

asks how quickly they will grow and another wonders how big they will get. The 503 

students decide that they would like to track the growth [CCC-7] of their silkworms and 504 

measure them daily. Mr. A wants the students to come up with a way to answer the 505 

question, “How big [CCC-3] are they today?” through a visual display of their 506 

measurement data. The students need to find a way to summarize all their 507 

measurements using a graphical display. Mr. A was guided by research about the 508 

different developmental levels in understanding how to display data (table 9.4). 509 

Developmental Levels of the Ability to Display Data 510 

Level Descriptor 
6 Create and use data representations to notice trends, patterns, and be able 

to recognize outliers. 
5 Create and use data representations that recognize scale as well as trends 

or patterns in data. 
4 Represent data using groups of similar values and apply consistent scale to 

the groups. 
3 Represent data using groups of similar values (though groups are 

inconsistent). 
2 Identify the quantity of interest, but only consider each case as an individual 

without grouping data together 
1 Group data in ways that don’t relate to the problem of interest. 

Source: Adapted from NRC, 2014 511 
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One group orders each of the 261 measurements by magnitude, making a bar for each 512 

worm. The display uses a full 5 feet of wall space! (figure 9.A; level 2 on table 9.4). 513 

Another group makes a bar graph with a bin size of just 1 mm per bin, which leads to 50 514 

different bars (figure 9.13B; level 4 on table 9.4). Also, this group’s vertical axis only 515 

extends to six worms at the top of the paper, so bars with more than six worms and got 516 

cut off. A third group creates a more traditional bar graph with measurements placed 517 

into bins. Rather than using bars, the group uses circles stacked one on top of the 518 

other. Unfortunately, different students draw the circles for each bin and they are not the 519 

same size and therefore not comparable (figure 9.13C; level 3 on table 9.4). 520 

Mr. A leads a discussion about which representations are most useful for understanding 521 

silkworm growth. Mr. A recognizes that each representation is at a different 522 

developmental level and uses that understanding to highlight different concepts with 523 

different students (grouping versus consistent grouping, for example). As students 524 

examine the graphs [SEP-5] with better understanding of what they represent, they 525 

notice a pattern [CCC-1] that there are more ‘medium sized’ silkworms and fewer short 526 

or long ones (level 5 on table 9.4), which allows Mr. A to introduce the concept of 527 

variability. Students begin to ask questions about why some silkworms are growing so 528 

much faster than others. Mr. A’s targeted guidance about how to represent data helped 529 

elevate the scientific discussion. 530 

Figure: Facsimiles of Student-Created Representations of Silkworm Length Data 531 
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 532 

Link to long description 533 

Source: Adapted from Lehrer, 2011. 534 

Commentary: 535 

Science and Engineering Practices (SEPs). The emphasis of the rubric is on the ability 536 

to count and recognize similar values, examples of using mathematical thinking [SEP-537 

5] at the primary level. 538 

Disciplinary Core Ideas (DCIs). While the activity supports the DCIs that plants and 539 

animals have unique and diverse lifecycles (LS1.B) and that individuals can vary in 540 

traits (LS3.B), the task does not assess student understanding of these DCIs. 541 

Crosscutting Concepts (CCCs). Students cannot complete this task without attention to 542 

scale and quantity [CCC-3], including the use of standard units to measure length. 543 

The rubric in table 9.4 emphasizes student ability to recognize patterns [CCC-1] as 544 

they create their data representations. 545 

Resource: 546 

Based on NRC, 2014 547 
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Source: CDE, 2018, Chapter 9. 548 

Some teachers choose to give rubrics to students based around one mathematical area 549 

or standard, these are sometimes referred to as “single-point rubrics”: 550 

Ways I could improve Criteria  I have shown this in: 
[blank] I approach problems in 

different ways - using 
drawings, words, and color 
coding to connect ideas. 

[blank] 

[blank] [blank] [blank] 
[blank] [blank] [blank] 

Source: Gonzalez, 2015. 551 

Single-point rubrics provide a way for teachers to focus on something important and to 552 

give diagnostic comments and diagnostic teacher feedback (see next section) on a 553 

particularly important area of work. 554 

Examples of single-point rubrics that promote reflection and measure creativity (grade 555 

6) and communication (grade 7), from Audrey Mendivil, are given below: 556 

Creativity Rubric Part One – Creative Thought 557 

Something to work on Criteria Area of strength 
[blank] I created ideas and shared 

them 
[blank] 

[blank] I developed new ideas 
using both previous and 
new knowledge 

[blank] 

[blank] I reflected on my ideas and 
incorporated changes to 
improve my work 

[blank] 

Creativity Rubric Part Two – Work Creatively with Others 558 
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Something to work on Criteria Area of strength 

[blank] I developed, implemented 
and communicated new 
ideas to others effectively 

[blank] 

[blank] I listened to diverse views 
and incorporated these 
ideas in my work 

[blank] 

[blank] I demonstrated creativity 
and was realistic about the 
limits of the situation  

[blank] 

[blank] I attempted or 
experimented as part of 
the path to success, 
including times when I 
failed or made a mistake 

[blank] 

Creativity Rubric Part Three – Implement Innovation 559 

Something to work on Criteria Area of strength 

[blank] I applied creative ideas to 
make a real and useful 
contribution to the work 

[blank] 

Reflection Rubric 560 

Feedback 
for improvement 

Criteria 
Standards for this task 

Evidence 
of meeting or exceeding 

standard 

[blank] Criteria #1 
My description includes my 
process for identifying and 
generating equivalent 
expressions, and has 
accurately represented 
what equivalent means 

[blank] 
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Feedback 
for improvement 

Criteria 
Standards for this task 

Evidence 
of meeting or exceeding 

standard 

[blank] Criteria #2 
My description references 
the connection between 
algebraic expressions and 
generalizing the pattern’s 
growth, including that the 
expressions should match 
the way I see the pattern 
growing. 

[blank] 

[blank] Criteria #3 
My description cites 
specific examples of 
creating my own 
expression and my 
understanding of patterns’ 
growth in relation to 
creating an expression 
AND of providing specific 
critique/feedback to 
another student (ex: TAG 
protocol) 

[blank] 

[blank] Criteria #4 
My description includes 
ways I have become more 
precise with language, 
including at least one 
specific example of how I 
improved my use of 
language that then helped 
me to better communicate 
my ideas. 

[blank] 

Re-engagement Lessons 561 

When students do not reveal understanding in their classroom assessments, an ideal 562 

approach to help those students and the rest of the class is to re-engage them in the 563 

ideas. This supports students who did not understand and helps those who did by 564 

offering opportunities for deepened understanding. The Silicon Valley Mathematics 565 

Initiative has offered a process and a set of resources, that have been used with 566 
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considerable success for many years (for example MAC and CAASP, 2015). The 567 

process starts with a performance task. Teachers then analyze student work before 568 

moving to a re-engagement lesson based on student thinking and levels of 569 

understanding. Based upon their analysis, teachers can focus on specific learning goals 570 

to meet their students where they are. By using the students’ own work and reasoning 571 

teachers can design prompts for students to critique each other mathematical thinking, 572 

promote cognitive dilemmas, and address misconceptions or errors. The re-573 

engagement lessons are taught to the entire class to deepen mathematical conceptions, 574 

promote emerging understandings, and address unfinished learning. 575 

If students appear to have understood content before it is taught or at an early stage, 576 

they will be helped by providing additional opportunities for productive struggle and 577 

deeper, more innovative problem solving through investigative tasks. All students in a 578 

class can be given opportunities for appropriate struggle and challenge if open-ended 579 

investigative tasks are used. 580 

Teacher Diagnostic Comments 581 

Assessment for learning communicates to students where they are in their 582 

mathematical pathway and, often, how they may move forward. One way to 583 

communicate feedback is by sharing grades students have earned, but grades do not 584 

give feedback to students about ways to improve. Teacher diagnostic comments are 585 

specific comments designed to elicit cognitive skill and strategy development about a 586 

topic and are an important part of this communication and allow teachers to share with 587 

students their knowledge of ways to improve or build upon their thinking. Diagnostic 588 

comments differ from general feedback in that they direct students to reflect on the 589 

choices students made while solving a problem in order to elevate their understanding. 590 

Different researchers have compared the impact of grades with diagnostic feedback. 591 

Elawar and Corno, for example, contrasted the ways students responded to 592 

mathematics homework in sixth grade, with half of the students receiving grades and 593 

the other half receiving diagnostic comments without a grade (Elawar and Corno, 1985). 594 

The students receiving comments learned twice as fast as the control group, the 595 
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achievement gap between male and female students disappeared, and student 596 

attitudes improved. 597 

Ruth Butler also contrasted students who were given grades for classwork with those 598 

who were given diagnostic feedback and no grades (Butler, 1987, 1988). Similar to 599 

Corno and Elawar, the students who received diagnostic comments achieved at 600 

significantly higher levels. In Butler’s study a third condition was added when students 601 

received grades and comments—combining both forms of feedback. However, this 602 

showed that the students who received grades only and those who received grades and 603 

comments scored at similar levels, and the group that achieved at significantly higher 604 

levels was the comment-only group. When students received a grade and a comment, 605 

they appeared only to focus on the grade. Butler found that both high-achieving (the top 606 

25-percent grade point average) and low-achieving (the bottom 25-percent grade-point 607 

average) fifth and sixth graders suffered deficits in performance and motivation in both 608 

graded conditions, compared with the students who received only diagnostic comments. 609 

Pulfrey, Buchs, and Butera (2011) followed up on Butler’s study, replicating her 610 

finding—showing again that students who received grades as well as students who 611 

received grades and comments both underperformed and developed less motivation 612 

than students who received only comments. They also found that students needed only 613 

to think they were working for a grade to lose motivation, resulting in lower levels of 614 

achievement. 615 

Teachers may express concern about the extra time that diagnostic feedback requires, 616 

but diagnostic comments remain effective even if given occasionally, instead of frequent 617 

grading of class or homework, because they provide students with insights that can 618 

propel them onto paths of higher achievement. A teacher giving comments to students 619 

once a week is more useful than frequent grades and test scores. Many learning 620 

management systems (LMS) allow teachers to give students verbal feedback on their 621 

work. The following example of student work comes from the Interactive Mathematics 622 

Program (IMP): The High Dive Problem (Heuer, 2008). 623 
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The teacher comments, in green, are an example of teacher diagnostic comments—624 

some of which are encouraging, some questioning, and some guiding (Boaler, Dance, 625 

and Woodbury, 2018). 626 

Sample Diagnostic Comments for High Dive Checkpoint 1 627 
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 628 

Link to long description 629 
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Self- and Peer Assessment 630 

The two main strategies for helping students become aware of the mathematics they 631 

are learning and their broader learning pathways are self- and peer assessment. In self-632 

assessment, students are given clear statements of the mathematical content and 633 

practices they are learning, which they use to think about what they have learned and 634 

what they still need to work on. The statements could communicate mathematics 635 

content such as, “I understand the difference between mean and median and when 636 

each should be used,” as well as mathematical practices, such as, “I have learned to 637 

persist with problems and keep going even when they are difficult.” If students start 638 

each unit of work with clear statements about the mathematics they are going to learn, 639 

they begin to focus on the bigger landscape of their learning journeys; they learn what is 640 

important, as well as what they need to work on to improve. Studies have found that 641 

when students are asked to rate their understanding of their work through self-642 

assessment, they are incredibly accurate at assessing their own understanding, and 643 

they do not over- or underestimate it (Black et al., 2002). 644 

Self-assessment can be developed at different degrees of granularity. Teachers might 645 

conduct a mathematics in a lesson or show students the mathematics across a longer 646 

period of time, such as a unit, term, or semester. In addition to understanding the 647 

criteria, students need time to reflect upon their learning. These moments can be built 648 

into plans during a lesson, at the end of the period, or even at home after considerable 649 

time to process. The following example is an algebra content self-assessment (Boaler, 650 

2016): 651 

Algebra I Self-Assessment 652 

Unit 1 – Linear Equations and Inequalities 653 

• I can solve a linear equation in one variable. 654 

• I can solve a linear inequality in one variable. 655 

• I can solve formulas for a specified variable. 656 

• I can solve an absolute value equation in one variable. 657 
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• I can solve and graph a compound inequality in one variable. 658 

• I can solve an absolute value inequality in one variable. 659 

Unit 2 – Representing Relationships Mathematically 660 

• I can use and interpret units when solving formulas. 661 

• I can perform unit conversions. 662 

• I can identify parts of an expression. 663 

• I can write the equation or inequality in one variable that best models the 664 

problem. 665 

• I can write the equation in two variables that best model the problem. 666 

• I can state the appropriate values that could be substituted into an equation and 667 

defend my choice. 668 

• I can interpret solutions in the context of the situation modeled and decide if they 669 

are reasonable. 670 

• I can graph equations on coordinate axes with appropriate labels and scales. 671 

• I can verify that any point on a graph will result in a true equation when their 672 

coordinates are substituted into the equation. 673 

• I can compare properties of two functions graphically, in table form, and 674 

algebraically. 675 

Unit 3 – Understanding Functions 676 

• I can determine if a graph, table, or set of ordered pairs represents a function. 677 

• I can decode function notation and explain how the output of a function is 678 

matched to its input. 679 

• I can convert a list of numbers (a sequence) into a function by making the whole 680 

numbers the inputs and the elements of the sequence the outputs. 681 

Peer assessment is similar to self-assessment, as it also involves giving students clear 682 

criteria for assessment, but they use it to assess each other’s work rather than their 683 

own. When students assess each other’s work, they gain additional opportunities to 684 

become aware of the mathematics they are learning and need to learn. Peer 685 

assessment has been shown to be highly effective, in part because students are often 686 
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much more open to hearing criticism or a suggestion for change from another student, 687 

and peers usually communicate in ways that are easily understood by each other (Black 688 

et al., 2002). This kind of collaboration allows the students to internalize the evaluative 689 

criteria, and engage in a learning process that relies on speaking and thinking like a 690 

mathematician. 691 

One method of peer assessment is the identification of “two stars and a wish.” Students 692 

are asked to look at their peers’ work and, with or without criteria, to select two things 693 

done well and one area to improve on. (For lesson plans that embed formative 694 

assessment strategies like "Two Stars and a Wish", go to smartertoolsforteachers.org. 695 

Tools for Teachers has more than 40 formative assessment strategies as resources for 696 

teachers.) When students are given information that communicates clearly what they 697 

are learning, and they are asked, at frequent intervals, to reflect on their learning, they 698 

develop responsibility for their own learning. Some people refer to this as inviting 699 

students into the guild—giving students the powerful knowledge they perceive only 700 

teachers to hold—which empowers them to take charge of their learning. 701 

Included below is a self-assessment example that focuses on mathematical practices: 702 

Standard for Mathematical Practice Student-Friendly Language 

1. Make sense of problems and 
persevere in solving them. 

• I can try many times to understand 
and solve a math problem. 

2. Reason abstractly and 
quantitatively. 

• I can think about the math problem 
in my head first. 

3. Construct viable arguments and 
critique the reasoning of others. 

• I can make a plan, called a 
strategy, to solve the problem and 
discuss other students’ strategies 
too. 

4. Model with Mathematics. • I can use math symbols and 
numbers to solve a problem. 

5. Use appropriate tools strategically. • I can use math tools, pictures, 
drawings, and objects to solve the 
problem. 

6. Attend to precision. • I can check to see if my strategy 
and calculations are correct. 

7. Look for and make use of 
structure. 

• I can use what I already know 
about math to solve the problem. 
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Standard for Mathematical Practice Student-Friendly Language 

8. Look for and express regularity in 
repeated reasoning. 

• I can use a strategy that I used to 
solve another math problem. 

Source: Rhode Island Department of Education, n.d. 703 

Mastery-based Approaches to Assessment 704 

Mastery based grading describes a form of grading that focuses on mastery of ideas, 705 

rather than points or scores. This approach is sometimes referred to as “standards-706 

based grading” and although it refers to “standards” it does not have to focus on specific 707 

standards. It could, instead, use cluster headings, which are more akin to the Content 708 

Connections and big ideas approach of this framework – such as the Big Ideas set out 709 

in the grade span chapters and Appendix A and the assessment that goes with them, 710 

seen in the California Digital Learning Integration and Standards Guidance. The 711 

important feature of this approach is that it communicates the mathematics students are 712 

learning, and students receive feedback on the mathematics they have learned or are 713 

learning, rather than a score. This helps students view their learning as a process that 714 

they can improve on over time, rather than a score or a grade that they often perceive 715 

as a measure of their worth. A good example of a rubric that sets out the mathematics 716 

for students—not by standards but mathematical ideas—from the Robert F. Kennedy 717 

UCLA Community School, follows: 718 

Grade 8 Math Syllabus: Core Connections, Course 3 719 

Ms. Lee-Ortiz, Room L212, UCLA-CS 720 

Introduction 721 

Each day in this class students will be using problem-solving strategies, questioning, 722 

investigating, analyzing critically, gathering and constructing evidence, and 723 

communicating rigorous arguments justifying their thinking. Under teacher guidance, 724 

students learn in collaboration with others while sharing information, expertise, and 725 

ideas. This course helps students build on the Course 2 concepts from last year in order 726 

to develop multiple strategies to solve problems and to recognize the connections 727 

between concepts. 728 
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Advice on Grading 729 

Many teachers have to grade students, as it is a requirement of their school district or 730 
their administrators. Ideally, teachers are asked to provide grades only at the end of a 731 
course—not during the course, when students need information on ways to learn, which 732 
should be given through formative assessment. The following list compiles advice on 733 
ways to grade fairly and to continue communicating positive growth messages through 734 
assessment. 735 

1. Always allow students to resubmit any work or test for a higher grade—this is the 736 
ultimate growth mindset message, communicating to students that you care about 737 
learning, not just performance. 738 

2. Share grades with school administrators but not with the students if used during a 739 
course. If your school requires grades before the end of a course, this does not 740 
mean that you must give them to students. Instead, give students verbal or 741 
diagnostic written feedback on ways to improve.  742 

3. Use multidimensional grading. If you believe in the breadth of mathematics and 743 
value multidimensional mathematics in the classroom, use mathematics work rather 744 
than test performance—recording, for example, whether students ask questions, 745 
reason and justify, challenge or contribute to other’s thinking. 746 

4. Do not use a 100-point scale, this is mathematically egregious (see Boaler, 2016). 747 
Instead use a 4-point scale: A=4, B=3, C=2, D=1F=0 748 

5. Do not include early assignments from math class in the end-of-class grade. When 749 
teachers do this, they are essentially grading students on their work from a previous 750 
class. Grades should include only work and assignments from the point in the class 751 
when students are working on what is learned in the class.  752 

6. Do not include homework, if given, as any part of grading. Homework is one of the 753 
most inequitable practices in education; its inclusion in grading adds stress to 754 
students and increases the chances of inequitable outcomes.  755 

Extract from Mathematical Mindsets, Boaler, 2016 756 

Mastery Learning and Grading 757 

Grades will be determined based on demonstration of content knowledge, which are 758 

specified as Learning Targets: 759 

Number Learning Target 

1 I know that there are numbers that are not rational, and approximate them 
by rational numbers. 

2 I can work with radicals and integer exponents. 

3 I demonstrate understanding of the connections between proportional 
relationships, lines, and linear equations. 

4 I can analyze and solve linear equations and pairs of simultaneous linear 
equations. 
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Number Learning Target 

5 I can define, evaluate, and compare functions. 

6 I can use functions to model relationships between quantities. 

7 I can demonstrate understanding of congruence and similarity using 
physical models, transparencies, or geometry software. 

8 I can understand and apply the Pythagorean Theorem. 

9 I can solve real-world and mathematical problems involving volumes of 
cylinders, cones and spheres. 

10 I can investigate patterns of association in bivariate data. 

Grades will NOT be based on percentages or averages, but instead will be determined 760 

holistically. Grades will support the learning process and support student success. This 761 

is called Mastery Learning and Grading. Rubrics, checklists, and scoring guides will be 762 

used to provide regular feedback so that students can improve and focus on 763 

LEARNING the content. Students will have time as well as multiple opportunities to 764 

demonstrate mastery of the Learning Targets. It is not expected that you master a 765 

Learning Target the first time you learn it. The focus should be on showing growth and 766 

heading towards mastery. I will work alongside you to reach that goal. Let’s maintain a 767 

growth mindset! 768 

Mastery-based grading is a way to bring some of the very valuable aspects of formative 769 

assessment into summative assessments. This method of assessment shifts the focus 770 

from a fixed measure based on a score or a test result to a reflection of the mathematics 771 

students are working towards. Mastery-based grading breaks content into learning 772 

targets, each of which is a teachable concept for which students may demonstrate 773 

proficiency. Instead of offering partial credit for incorrect responses, students are 774 

provided feedback and opportunity to re-assess standards they do not meet in their first 775 

attempt. Teachers can then track and provide feedback based on students’ work in 776 

relation to each learning target. More examples from teachers are provided below: 777 

Included below is text from various standards-based report cards. To view the full 778 

images, access the source information. The criteria are designed to be evaluated 779 

intentionally at specific points in the duration of the course (i.e., trimester or quarter). 780 
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A kindergarten example: 781 

Kindergarten Mathematics 782 

Number and Operations in Base Ten 783 

• I work with numbers 11–19 to show ten ones and some further ones. 784 

Measurement and Data 785 

• I describe, compare, and classify objects and count the number in each category. 786 

Geometry 787 

• I identify and describe flat and 3D shapes. 788 

• I compare, create, and compose shapes. 789 

Kindergarten Music 790 

• I understand musical concepts. 791 

• I demonstrate knowledge of musical skills. 792 

• I participate appropriately. 793 

Kindergarten Physical Education 794 

• I demonstrate knowledge of P.E. skills 795 

• I demonstrate sportsmanship and cooperate with classmates. 796 

• I actively participate during physical activities. 797 

Kindergarten Science 798 

• I demonstrate an understanding of scientific content and concepts. 799 

Kindergarten Social Studies 800 

• I demonstrate an understanding of social studies content and concepts. 801 

Source: ISBR, n.d. 802 

Below, note further examples adapted from Saddleback Valley Unified School District: 803 

Grade 6 Mathematics 804 

Ratios and Proportional Relationships 805 

• Understands ratio concepts and uses ratio reasoning to solve problems 806 

The Number System 807 
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• Applies and extends previous understandings of multiplication and division to 808 

divide fractions by fractions 809 

• Applies and extends previous understandings of numbers to the system of 810 

rational numbers 811 

Expressions and Equations 812 

• Applies and extends previous understandings of arithmetic to algebraic 813 

expressions 814 

• Understands ratio concepts and uses ratio reasoning to solve problems 815 

The Number System 816 

• Applies and extends previous understandings of multiplication and division to 817 

divide fractions by fractions 818 

• Applies and extends previous understandings of numbers to the system of 819 

rational numbers 820 

Expressions and Equations 821 

• Applies and extends previous understandings of arithmetic to algebraic 822 

expressions 823 

• Solves one-variable equations and inequalities 824 

• Represents and analyzes quantitative relationships between dependent and 825 

independent variables 826 

Geometry 827 

• Solves real-world and mathematical problems involving area, surface area, and 828 

volume 829 

Statistics and Probability 830 

• Develops understanding of statistical variability 831 

• Summarizes and describes distributions 832 

Also adapted from Saddleback Valley Unified School District: 833 

Grade 2 Mathematics 834 

Operations and Algebraic Thinking 835 

• Represents and solves problems involving addition and subtraction 836 

• Adds and subtracts fluently within 20 837 
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• Works with equal groups of objects to gain foundations for multiplication 838 

Numbers and Operations in Base Ten 839 

• Understands and applies place value concepts 840 

• Uses place value understanding and properties of operations to add and subtract 841 

Measurement and Data 842 

• Measures and estimates lengths in standard units 843 

• Relates addition and subtraction to length 844 

• Works with time and money 845 

• Represents and interprets data 846 

Geometry 847 

• Reasons with shapes and their attributes 848 

Adapted from David Douglas School District, n.d.: 849 

Grade 4 Mathematics 850 

• Read, write, compare, and round decimals to thousandths. Convert metric 851 

measurements. NBT.3, NBT.1-4, MD.1 852 

• Fluently multiply multi-digit whole numbers using the standard algorithm. Convert 853 

customary measurements. NBT.5, MD.1 854 

• Solve multi-digit (up to 4 digit by 2 digit) whole number division problems using 855 

various strategies. NBT.6 856 

• Add, subtract, multiply, and divide decimals to the hundredths place using 857 

various strategies. NBT.7 858 

• Solve real-world and mathematical problems involving addition and subtraction of 859 

fractions including unlike denominators. Make line plots with fractional units. 860 

NF.2, NF.1, MD.2 861 

• Solve real-world and mathematical problems involving multiplication of fractions 862 

and mixed numbers, including area of rectangles. NF.6, NF.4, NF.5 863 

• Solve real-world and mathematical problems involving division of fractions by 864 

whole numbers (1/4 ÷ 7) and division of whole numbers by fractions (3 ÷ 1/2). 865 

Interpret a fraction as division. NF.7, NF.3 866 
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• Solve real-world and mathematical problems involving volume by using addition 867 

and multiplication strategies and applying the formulas. MD.5, MD.3-5 868 

• Solve real-world and mathematical problems by graphing points, including 869 

numeral patterns, on the coordinate plane. G.2, G.1, OA.3 870 

Adapted from Loma Prieta Joint Union School District, n.d.: 871 

Grade 4 Mathematics 872 

Operations and Algebraic Thinking 873 

• Use Operations with Whole Numbers to Solve Problems 874 

• Gain Familiarity with Factors and Multiples 875 

• Generalize and Analyze Problems 876 

Number and Operation Base 10 877 

• Understand Place Value for Multi-Digit Whole Numbers 878 

• Use Place Value Understanding and Properties of Operations to Perform Multi-879 

Digit Arithmetic 880 

Number Operations and Fractions 881 

• Understanding of Fraction Equivalence and Ordering 882 

• Build Fractions from Unit Fractions 883 

• Understand Decimal Notation for Fractions 884 

Measurement Data 885 

• Solve Problems Involving Measurement and Conversion 886 

• Represent and Interpret Data 887 

Geometry 888 

• Draw, Identify, and Utilize Lines and Angles 889 

Semester 1 Learning Targets 890 

Learning 
Target (LT) 

Description* 

LT 1 Function Characteristics: I can identify, describe, compare, and 
analyze functions and/or their characteristics and use them to model 
situations/create functions 

LT 2 Linear Functions: I can use, create, describe, and analyze linear 
functions using different representations. 



 

50 

Learning 
Target (LT) 

Description* 

LT 3 Piecewise Functions: I can use, create, describe, and analyze 
piecewise functions using different representations. 

LT 4 Exponential Functions: I can use, create, and analyze exponential 
functions using different representations. 

LT 5 Logarithmic Functions: I can prove laws of logarithms and use the 
definition and properties of logarithms to translate between 
logarithms in any base and simplify logarithmic expressions. 

LT 6 Quadratic Functions: I can use, create, and analyze quadratic 
functions using different representations. 

LT 7 Sequence and Series: I can analyze arithmetic, geometric, and 
recursive sequences and series and use different representations to 
solve problems. 

LT 8 Eight Mathematical Practices: I can demonstrate 8 mathematical 
standards. 

LT 9 Participation, Engagement, & Organization: I can participate and 
engage in class/group discussion and problem solving 
synchronously and asynchronously. 

LT 10 Agency, Ownership, & Identity: I can take ownership over my own 
learning and develop positive identity as a thinker and a learner of 
mathematics through reflection, self-determination and grit. 

*Learning Topics 1–7 are considered Academic Learning Targets 891 

Source: University High School 892 

Mastery-based grading can be reported to districts, parents and others in the form of 893 

the clusters achieved and not associated with letter grades. Alternatively, teachers 894 

can develop structures and methods that turn mastery based-grading results into 895 

letter grades if required. These systems could be tied to the percentage of standards 896 

mastered, the number of standards at different levels, or tied to mastery of key 897 

learning outcomes and some amounts of additional material. An example, from the 898 

Robert F. Kennedy UCLA Community School, Grade Eight, is given below: 899 

Mastery Rubric 900 

Level Description 

4 – Mastery You have demonstrated complete and detailed understanding of the 

learning target and can apply it to new problems. 
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Level Description 

3 – Proficiency You have a firm grasp of the learning target and have demonstrated 

understanding of the concepts involved but may be inconsistent or 

may have minor misunderstandings and errors. 

2 – Basic You have demonstrated some conceptual understanding of the 

learning target but still have some confusion of key ideas or make 

errors more than occasionally.  

1 – Beginning You have demonstrated little or unclear understanding, or have 

multiple misunderstandings about the learning target. 

0 – Not yet You have not attempted this learning target yet, or have not turned in 

work for this learning target to be assessed. 

Cycle for Mastery Learning 901 

 902 
Link to long description 903 
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Students learn at different rates and in different ways, so grades will be based on 904 

learning over time after many opportunities for practice with feedback. Final grades will 905 

be determined on the achievement, consistency, and improvement of mastering the 906 

Learning Targets evidenced by assessments and work submitted, such as tests, exit 907 

slips, teacher observations, and projects. 908 

Final Academic Grade 909 

Grade Description 

A Demonstrate mostly Mastery (4) level in Learning Targets, and nothing less 

than a 3 in the other Learning Targets 

B Demonstrate at least Proficiency (3) level in most Learning Targets, and 

nothing less than a 2 in the other Learning Targets 

C Demonstrate at least Basic Understanding (2) level in all the Learning 

Targets  

D Demonstrate at least Beginning (1) level in all Learning Targets 

F Demonstrate that few or none of the Learning Targets are achieved with at 

least a Beginning (1) level 

One key benefit of using mastery-based grading is that it includes a lot more 910 

information on what students actually know. When it includes opportunities for 911 

reassessment, and students working with feedback to improve their results, it also 912 

encourages important growth mindset messages. Researchers have considered 913 

parents’ responses to a shift to mastery-based grading, finding that parents are 914 

supportive of mastery-based grading, as an alternative to traditional grading 915 

(Brookhart et al., 2016). Mastery-based report cards may contain the language of 916 

cluster headings or standards and may need explanations for parents to understand 917 

their child’s strengths and challenges. Building knowledge or simplifying the meaning 918 

of the language could accompany feedback that is given to parents. Research studies 919 

have shown that mastery-based grading improves student engagement and 920 

achievement (Iamarino, 2014; Townsley et al., 2016; Selbach-Allen et al., 2020). 921 
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On a final note, since mastery-based grading is based on students’ meeting of learning 922 

targets, grade reports function differently. Test and quiz scores, for example, as 923 

percentages are often averaged and translated to letter grades in a traditional system 924 

whereas, in a mastery-based system, mastery of topics is evidenced and communicated 925 

over time and in multiple ways. At early points in the year, it should not be expected that 926 

students would have mastered all, or even a significant number, of learning targets and 927 

grade reports would reflect this progression. Schools should provide clear and 928 

consistent messaging regarding mastery-based grading systems to help parents and 929 

students understand report cards. 930 

In traditional grading systems, points are often offered for participation, attendance, 931 

behavior and homework completion. These measures often bring inequity into the 932 

grading system as students outside circumstances will impact these aspects of their 933 

grade. The final grade becomes more about behaviors than learning. While mastery 934 

grading is not a panacea to fix inequities in assessments, it ensures grades and 935 

assessment relate to demonstrated knowledge rather than behaviors that may not 936 

reflect student’s actual learning. 937 

Effective Assessment Strategies for English Learners 938 

Recognizing the interdependency of disciplinary language and content, teachers are 939 

recommended to formatively assess students’ use of language in the context of 940 

mathematical reasoning over time. At the outset of a unit, students would likely use 941 

more exploratory language including everyday language, and over the course of the 942 

units, students would add to their repertoire the more standard, less ambiguous, form of 943 

mathematical conventions and agreements. One of several Mathematical Language 944 

Routines that has been developed is called “Collect and Display” (Zwiers et al., 2017, 945 

11) where the teachers listen to students’ use of language, then they display the 946 

collection of terms they heard and this becomes a language resource for the class. 947 

Such a record is useful as it shows the development of language over the time. 948 

Teachers should also provide rubrics, including a discussion of key academic 949 

vocabulary, so that the criteria for success is clear to students. Because rubrics can be 950 
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used to conduct self- and peer assessments (in addition to assessment by the teacher), 951 

it can be useful for teachers to provide language instruction, including frames for 952 

collaborative criteria chats, if key terms are expected in students’ explanations. 953 

For culminating assessments, teachers should do an analysis of the language demands 954 

prior to administering the assessments, and backward planning, guided by the following 955 

questions: 956 

• What opportunities are provided for students to explain and elaborate their 957 

reasoning? 958 

• Prior to the assessment, have students have had sufficient opportunities to 959 

practice using the kind of language that is expected to demonstrate their 960 

mathematical reasoning? 961 

• Have students received feedback and a chance to apply that feedback to their 962 

work? 963 

EXAMPLE: In a unit test, suppose students are asked to explain how they know that a 964 

linear system of equations has no solutions. Throughout the instructional unit, students 965 

should have opportunities to generate and refine such explanations, working on specific 966 

cases but also building up to the language of generalization over time. Students should 967 

examine examples of explanations that include visuals of parallel lines, along with a 968 

focus on the slopes of the given lines in this case. Using language for complex ideas is 969 

an attainable goal for English learners, but only if there is thoughtful planning and 970 

support throughout the instruction. 971 

Feedback on student explanations on assessments should follow the same principles of 972 

high-quality feedback for English learners: feedback should acknowledge what was 973 

done correctly, ask clarifying questions, and give students an opportunity to revise their 974 

work. 975 

As teachers continue to collect formative data about students’ language, they can act on 976 

that data by assessing growth over time, adjust instruction, and consider possible 977 

flexible groupings to provide more targeted support. 978 
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Teachers may consider the following assessment modifications appropriate for 979 

linguistically and culturally diverse English learners in the process of acquiring English: 980 

● Allow verbal answers rather than requiring writing, or provide some combination 981 

● Consider chunking longer assessments into smaller parts 982 

● Enlist a qualified bilingual professional to help provide multiple means of 983 

assessments and support formative and summative assessment 984 

● Consider group assessments as a means for English learners to demonstrate 985 

progress 986 

● Allow students to give responses in multiple formats and with the support of 987 

manipulatives. 988 

● Accept responses in the students’ native language if translation support systems 989 

exist in the school 990 

● Allow culturally and linguistically diverse English learners to use bilingual 991 

dictionaries or translation software to support their language learning. 992 

Summative Assessment 993 

Summative assessment is assessment of learning. Summative assessments typically 994 

occur at the end of a learning cycle in order to ascertain students’ acquisition of 995 

knowledge and skills in the subject. On a classroom level, exams, quizzes, worksheets, 996 

and homework have traditionally been used as summative measures of learning for 997 

particular units or chapters. Summative assessments have the potential to be anxiety-998 

inducing for students, so some best practices should be implemented to minimize 999 

damaging effects. The Poorvu Center at Yale has compiled the following list: 1000 

Practice	 Explanation	

Use a Rubric or Table 
of Specifications 

Instructors can use a rubric to lay out expected 
performance criteria for a range of grades. Rubrics will 
describe what an ideal assignment looks like, and 
“summarize” expected performance at the beginning of 
term, providing students with a trajectory and sense of 
completion. 
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Practice	 Explanation	

Design Clear, 
Effective Questions 

If designing essay questions, instructors can ensure that 
questions meet criteria while allowing students freedom to 
express their knowledge creatively and in ways that honor 
how they digested, constructed, or mastered meaning. 

Assess 
Comprehensiveness 

Effective summative assessments provide an opportunity 
for students to consider the totality of a course’s content, 
making broad connections, demonstrating synthesized 
skills, and exploring deeper concepts that drive or found a 
course’s ideas and content. 

Make Parameters 
Clear 

When approaching a final assessment, instructors can 
ensure that parameters are well defined (length of 
assessment, depth of response, time and date, grading 
standards); knowledge assessed relates clearly to content 
covered in course; and students with disabilities are 
provided required space and support. 

Consider Blind 
Grading 

Instructors may wish to know whose work they grade, in 
order to provide feedback that speaks to a student’s term-
long trajectory. If instructors wish to provide truly unbiased 
summative assessment, they can also consider blind 
grading. This process is explained, with examples, by the 
Yale Poorvu Center for Teaching and Learning. 

One of the problems with a classroom approach based upon frequent grading is that 1001 

teachers are using summative measures hoping they will have a formative effect and 1002 

impact learning. One alternative to this approach is standards-based grading, which can 1003 

be used in ways that support formative and summative assessment. 1004 

Examples of summative questions, from primary, upper elementary, middle school and 1005 

high school, are given below. 1006 

Summative assessment questions: 1007 

Primary: 1008 

• You have a collection of objects and your friend gives you six more. How many 1009 

do you have and how do you know? Explain your reasoning using words, 1010 

pictures and numbers. 1011 
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 1012 
Upper elementary:  1013 

• You have a 48-foot-long fence made up of four-foot panels. How many four-foot 1014 

panels are there? How do you know? Write a number sentence showing the 1015 

calculation needed for this question. Fully explain how your number sentence 1016 

models this situation. 1017 

 1018 
Middle School:  1019 

• A point is located at -17 on a number line. If you add 8 to -17 and move the point, 1020 

where will it be located? Draw the number line showing the movement and write 1021 

a number sentence that represents the movement of the point. What whole 1022 

number is between? Make a convincing argument proving how you know. 1023 

Explain your reasoning fully. 1024 

High School:  1025 

• F(x) = 3x+2 where the domain is over the interval [0,7]. Graph the function and 1026 

include a table of values showing the integer ordered pairs. Write a story that 1027 

might be modeled by this function. Explain how your story models the function. 1028 

Retaking Assignments and Tests 1029 

Assignments and tests that occur frequently can still provide a valuable learning 1030 

experience for students when they are not seen as the end to a learning cycle. Some 1031 

teachers believe that others retaking work is not fair practice, believing students may go 1032 
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away and learn on their own what they need to improve their grade but such efforts are, 1033 

at their core, about learning, and should be valued. Some teachers believe that if 1034 

learners can retake and get full marks on their second attempt, it encourages students 1035 

to take initial assessments less seriously, but this is not how students approach such 1036 

opportunities. Allowing students to retake work sends an important growth mindset 1037 

message and encourages further learning. Just as career mathematicians are 1038 

constantly revising their work and conjectures, students should be allowed the same 1039 

fluidity in their own learning process. See the snapshot below for an example of how 1040 

retaking a test can enable further learning. 1041 

Allowing students to resubmit any work or test is the ultimate growth mindset message, 1042 

focusing assessment upon learning, rather than performance. 1043 

Snapshot 1044 

Kaj has noticed that, for some of her students, the unit tests are anxiety-inducing—both 1045 

in the taking of the tests and in receiving potentially low scores a few days later. In 1046 

talking with an English language arts/literacy (ELA) peer teacher, the subject of testing 1047 

came up, and her peer pointed out that drafts and revisions are the norm in ELA. Kaj 1048 

wondered if embedding a revision cycle into the testing could help her students with test 1049 

anxiety and with long-term retention. 1050 

For her next unit test, she announces to the class that they will have the opportunity to 1051 

revise their work on any items that they lost significant points. In the week before the 1052 

test, she overheard some of her students mentioning that they might just “wing it” since 1053 

they can just retake items later. She decided that a few rules were needed: when taking 1054 

the test, an attempt must be made and answer found on all problems; a revision 1055 

included three components: a correct solution with all steps shown, an annotated 1056 

version of the original work with explanation of what was overlooked or missed, and a 1057 

citation of the resource used—such as page number or class notes. 1058 

On testing day, she noticed that for those students that typically struggled, they seemed 1059 

to be writing more and leaving fewer questions unanswered. During grading she was 1060 
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careful to give written feedback (see earlier Diagnostic Comments section) that was 1061 

both positive and constructive so students were more inclined to revise their work rather 1062 

than scrapping it entirely, if possible. As the revisions came in, Kaj was heartened to 1063 

see that her students improved upon their work considerably, and their scores reflected 1064 

this improvement. She also noticed that, for many of her students, the revision process 1065 

enabled better retention in the long term. As Kaj made further changes to the system, 1066 

as well as instituting a peer checking system, she was able to address the extra grading 1067 

time for herself as well as some of the complaints about fairness she overheard from a 1068 

few parents. For the next year, she planned on including good study practices in the 1069 

lead-up to a test, and having her students talk with a classmate to help identify which 1070 

topics were most difficult for them. Overall, she felt that developing these types of 1071 

reflection, self-awareness and anticipation skills in her students will bode well for them 1072 

with future learning experiences. 1073 

Portfolios 1074 

Perhaps the most comprehensive way to assess student learning is through a 1075 

portfolio—a collection of work that communicates students’ activities over a length of 1076 

time. It could include project work, photographs, audio samples, letters, digital artifacts 1077 

and other records of mathematical work. Portfolios allow students to choose and 1078 

assemble their best work, selecting the contents and reflecting on the reasons for their 1079 

inclusion. Portfolios are particularly appropriate ways of assessing data science 1080 

projects. Students should have the option of demonstrating their math knowledge of 1081 

math concepts through the use of their home language. 1082 

Portfolios can be scored using well-developed rubrics or criteria. They can have good 1083 

value when used as a way of communicating student progress to parents. Ideally, they 1084 

tell a story of student growth in learning the content and practices of mathematics. The 1085 

detail can help parents support their students’ learning and expand collaboration 1086 

between schools and families. In distance learning settings portfolios can provide a 1087 

powerful means for students to demonstrate understanding and knowledge, and can be 1088 

easily compiled with the use of technology. 1089 
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Examples of Pre-K Mathematics Portfolios (Prekinders, n.d.) and the following are 1090 

examples of tasks a kindergarten teacher included in her student portfolio: 1091 

 1092 

One to one correspondence: stamp bingo dot markers in squares 1093 

 1094 

One to one correspondence with rubber stamps 1095 
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 1096 

Represent numbers with drawing 1097 

 1098 

Sorting paper cutouts by color 1099 
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Smarter Balanced Assessment System and the CAASPP 1100 

California’s statewide assessment program, known as the California Assessment of 1101 

Student Performance and Progress (CAASPP), is comprised of various assessments 1102 

including the Smarter Balanced system of assessments for mathematics and English 1103 

language arts/literacy. The summative assessment for mathematics is designed to 1104 

measure students’ and schools’ progress toward meeting the goals of the California 1105 

Common Core State Standards for Mathematics (CA CCSSM) for grades three through 1106 

eight and in grade eleven. 1107 

The Smarter Balanced assessments which are untimed and include items and tasks in 1108 

many formats, require students to think critically, solve problems, and show a greater 1109 

depth of knowledge. The Smarter Balanced assessment provides a full range of 1110 

assessment resources for all students, including those who are English learners and 1111 

students with disabilities. These resources ensure that the assessment meets the needs 1112 

of all students. The Smarter Balanced summative assessment in mathematics is 1113 

available in Spanish using a Language Toggle tool that allows students to toggle the 1114 

preferred language of the testing interface between English and Spanish. The CAASPP 1115 

summative assessments are available in Spanish in a “stacked version” showing the 1116 

questions/problems in English and Spanish. Districts and schools can designate which 1117 

students should be given this form of the assessment and do the appropriate 1118 

documentation required.  1119 

In measuring students’ and schools’ progress toward meeting the CA CCSSM, there are 1120 

three key aspects of the CAASPP: computer-based, computer-adaptive and varied item 1121 

types. 1122 

● Computer-based testing. All schools with eligible students in grades three 1123 

through eight and eleven are required to administer electronically. Computer-1124 

based testing allows for smoother test administration, faster reporting of results, 1125 

and the utilization of computer-adaptive testing. 1126 

● Computer-adaptive testing. The Smarter Balanced assessments use a system 1127 

that monitors a student’s progress as he or she is taking the assessment and 1128 

presents the student with harder or easier problems depending on the student’s 1129 



 

63 

performance on the current item. In this way, the computer system can adjust to 1130 

more accurately assess the student’s knowledge and skills. 1131 

● Varied item types. The Smarter Balanced tests allow for a variety of types of 1132 

items that are each intended to measure different learning outcomes. For 1133 

instance, a selected response item may have two correct choices out of four; a 1134 

student who selects only one of those correct items would indicate a different 1135 

understanding of a concept than a student who selects both of the correct 1136 

responses. Constructed-response questions are featured, as well as 1137 

performance tasks (which include extended-response questions) that measure 1138 

students’ abilities to solve problems and use mathematics in context, thereby 1139 

measuring students’ progress toward employing the mathematical practice 1140 

standards and demonstrating their knowledge of mathematics content. Finally, 1141 

the assessments feature technology-enhanced items that aim to provide 1142 

evidence of mathematical practices. These items utilize the technology of the 1143 

online test format to provide an item type not possible in paper pencil 1144 

assessment. They are aligned with the following four claims: 1145 

Claim Explanation 
Claim 

1 
Concepts and Procedures: Students can explain and apply mathematical 
concepts and interpret and carry out mathematical procedures with 
precision and fluency. 

This claim addresses procedural skills and the conceptual understanding on 
which the development of skills depends. It uses the cluster headings in the 
CA CCSSM as the targets of assessment for generating evidence for the 
claim. It is important to assess students’ knowledge of how concepts are 
linked and why mathematical procedures work the way they do. Central to 
understanding this claim is making the connection to elements of these 
mathematical practices as stated in the CA CCSSM: SMP.5, SMP.6, 
SMP.7, and SMP.8. 
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Claim Explanation 
Claim 

2 Problem Solving: Students can solve a range of complex, well-posed 
problems in pure and applied mathematics, making productive use of 
knowledge and problem-solving strategies. 

Assessment items and tasks focused on Claim 2 include problems in pure 
mathematics and problems set in context. Problems are presented as items 
and tasks that are well posed (that is, problem formulation is not necessary) 
and for which a solution path is not immediately obvious. These problems 
require students to construct their own solution pathway rather than follow a 
solution pathway that has been provided for them. Such problems are 
therefore unstructured, and students will need to select appropriate 
conceptual and physical tools to solve them. 

Claim 
3 Communicating Reasoning: Students can clearly and precisely construct 

viable arguments to support their own reasoning and to critique the 
reasoning of others. 

Claim 3 refers to a recurring theme in the CA CCSSM content and practice 
standards: the ability to construct and present a clear, logical, and 
convincing argument. For older students this may take the form of a rigorous 
deductive proof based on clearly stated axioms. For younger students this 
will involve justifications that are less formal. Assessment tasks that address 
this claim typically present a claim and ask students to provide a justification 
or counterexample. 

Claim 
4 Modeling and Data Analysis: Students can analyze complex, real-world 

scenarios and can construct and use mathematical models to interpret and 
solve problems. 

Modeling is the bridge between “school math” and “the real world”—a bridge 
that has been missing from many mathematics curricula and assessments. 
Modeling is the twin of mathematical literacy, which is the focus of 
international comparison tests in mathematics given by the Programme for 
International Student Assessment (PISA). The CA CCSSM feature modeling 
as both a mathematical practice at all grade levels and a content focus in 
higher mathematics courses. 

Interim Assessment 1146 

Interim assessments allow teachers to check students’ progress at mastering specific 1147 

concepts at strategic points throughout the year. Teachers can use this information to 1148 

support their instruction and help students meet the challenge of college- and career-1149 
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ready standards. There are a variety of interim assessments used by teachers, such as 1150 

cumulative mid-quarter or quarter assessments, and opportunities for students to 1151 

demonstrate understanding about topics from prior weeks or months. Collectively, 1152 

Smarter Balanced Interim Assessments provide teachers with an array of useful 1153 

formative assessment options tailored to the CA CCSSM students are learning. 1154 

Smarter Balanced offers the following interim assessments: 1155 

• Interim Comprehensive Assessments (ICAs) that test the same content and 1156 

report scores on the same scale as the summative assessments.  1157 

• Interim Assessment Blocks (IABs) that focus on smaller sets of related concepts 1158 

and provide more detailed information for instructional purposes.  1159 

• Focused IABs that assess no more than three assessment targets to provide 1160 

educators with a finer grained understanding of student learning.  1161 

The Smarter Balanced Interim Assessments can be used by teachers at any time 1162 

before, during, and after instruction in a standardized administration or a non-1163 

standardized manner. Examples of interim assessment flexibility: 1164 

1. Teachers can administer the interim assessments as an end-of-unit summative 1165 

"traditional" assessment of learning. 1166 

2. Teachers can display and discuss interim assessment items with students as a 1167 

formative assessment during instruction to clarify learning. 1168 

3. Teachers can analyze individual and group responses in the reporting system 1169 

and plan instructional next steps accordingly. 1170 

Conclusion 1171 

Assessment in mathematics is in a period of transition, from tests of fact-based skills to 1172 

multi-faceted measures of sense-making, reasoning, and problem-solving. In this way, 1173 

there is a growing alignment between how mathematics is being taught, and how it is 1174 

being tested. A comprehensive system of assessment should provide all educational 1175 

partners with the levels of detail to make informed decisions. Educators, administrators, 1176 

and policymakers should focus on assessment that engages students in continuous 1177 

improvement efforts by using “mastery-based approaches”—assessing with rubrics, 1178 

self, peer and teacher feedback. Such an approach reflects the important goal of 1179 



 

66 

achieving conceptual understanding, problem solving capacity and procedural fluency. 1180 

Such an approach will maximize the amount of learning each child is capable of, while 1181 

minimizing the socio-cultural effects of narrow testing. At the most fundamental level, 1182 

each educational partner has an important role in supporting classroom teachers’ use of 1183 

assessment in making the critical minute-by-minute decisions that afford better learning 1184 

for all students in their care. All educational partners working collaboratively within a 1185 

system of assessment should ensure that all students in California have access to the 1186 

rich mathematical ideas and practices set forth in the CA CCSSM. 1187 

Long Descriptions for Chapter 12 1188 

Figure 12.1. Big Idea Network Map for Grade Three 1189 

The graphic illustrates the connections and relationships of some third-grade 1190 

mathematics concepts. Direct connections include: 1191 

• Fractions of Shape & Time directly connects to: Square Tiles, Fractions as 1192 

Relationships, Unit Fractions Models, Represent Multivariable Data 1193 

• Measuring directly connects to: Number Flexibility to 100, Analyze Quadrilaterals, 1194 

Represent Multivariable Data 1195 

• Addition and Subtraction Patterns directly connects to: Number Flexibility to 100, 1196 

Unit Fraction Models, Analyze Quadrilaterals, Represent Multivariable Data 1197 

• Square Tiles directly connects to: Fractions as Relationships, Number Flexibility 1198 

to 100, Fractions of Shape & Time 1199 

• Fractions as Relationships directly connects to: Square Tiles, Fractions of Shape 1200 

& Time, Unit Fraction Models 1201 

• Unit Fraction Models directly connects to: Fractions as Relationships, Addition 1202 

and Subtraction Patterns, Fractions of Shape & Time, Represent Multivariable 1203 

Data 1204 
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• Analyze Quadrilaterals directly connects to: Number Flexibility to 100, Addition 1205 

and Subtraction Patterns, Measuring 1206 

• Represent Multivariable Data directly connects to: Unit Fraction Models, Number 1207 

Flexibility to 100, Addition and Subtraction Patterns, Measuring, Fractions of 1208 

Shape & Time 1209 

• Number Flexibility to 100 directly connects to: Square Tiles, Analyze 1210 

Quadrilaterals, Represent Multivariable Data, Measuring, Addition and 1211 

Subtraction Patterns. Return to graphic. 1212 

Figure 12.3 1213 

This image shows the different types of assessments in relation to one another. From 1214 

left to right the “Student” right arrow points to “Short cycle assessments”: Minute-by-1215 

minute; Daily; Weekly; Right arrow to “Medium cycle assessments”: Unit and Quarterly; 1216 

right arrow to “long-cycle assessments”: Annually; right arrow to “Standards.” Return to 1217 

graphic. 1218 

Example of SMP.1 1219 

Indicating four levels of student proficiency in SMP. 1: Make sense of problems and 1220 

persevere in solving them. 1221 

• Level 1 is “I can show at least one attempt to investigate or solve the task. 1222 

• Level 2 is “I can ask questions and clarify the problem and I can keep working 1223 

when things aren’t going well and try again.” 1224 

• Level 3 is “I can make sense of problems and persevere in solving them” 1225 

(standard reached) 1226 

• Level 4 is “I can find a second or third solution and describe how the pathways to 1227 

the solutions relate.” 1228 

Return to graphic. 1229 
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Figure: Facsimiles of Student-Created Representations of Silkworm Length Data 1230 

This figure shows three different student graphs. Graph A is a bar graph; length is on 1231 

the y-axis (no markings or units); there are numbers on the x-axis as follows: 5, 7, 8, 9, 1232 

9, 10, 10, 10, and 10. New page has 10, 10, 11, 12, 12, 12, 12, 12, 12, and 12. New 1233 

page has 13, 14, 14, 15, 15, 15, 15, 15, 15, and 17… 1234 

Graph B is a bar graph. On the y-axis is the label “Count” marked from 0 to 6+ in 1235 

increments of 2. On the x-axis is “Length (mm)” and ranges from 0 to 29… in 1236 

increments of 1. There are no bars at 0 to 4; a bar with height 1 at 5; 6 is empty; 7 has 1237 

1; 8 has 2; 9 has 2; 10 has 6+; 11 has 3; 12 has 6+; 13 has 1; 14 has 3; 15 has 6+; 16 1238 

has 0; 17 has 2; 18 has 5; 19 has 3. New page: 20 has 6+; 21 has 2; 22 has 3; 24 has 1239 

0; 25 has 6+; 26 has 2; 27 has 1; 28 has 2; 29 has 2. Graph C is a kind of bar graph 1240 

with intervals. On the y-axis is the label “Count” with no markings or units. On the x-axis 1241 

in Length in mm. The first interval is 0-10 and has 4 in it. The second interval is 10–20 1242 

and has 10 in it. The third interval is 20-30 and has 10 in it. Also, because of the size 1243 

difference in the ovals and the gap in the data, this line appears much taller than the 1244 

one before it. The fourth interval is 30-40 and has 8 in it. The fifth interval is 40-50 and 1245 

has 4 in it. The sixth interval is 50-60 and has one in it. Return to graphic. 1246 

Sample Diagnostic Comments for High Dive Checkpoint 1 1247 

Problem one asks, “What is your height off the ground 18 seconds after you pass the 1248 

3:00 position.” Teacher comments that student’s note that x = opposite is a “good 1249 

strategy for solving the problem.” The teacher notes the drawing of the 12-section Ferris 1250 

wheel “doesn’t look like a right triangle.” Problem two asks, “What is your height off the 1251 

ground 35 seconds after you pass the 3:00 position.” Student notes that trigonometry 1252 

works with angles bigger than 90 degrees of inversion; teacher wonders “what does this 1253 

mean?” Teacher comments “Thank you for justifying your work!!” and “I like your 1254 

diagram.... Which side of the triangle helps you?” Return to graphic. 1255 

Cycles for Mastery Learning 1256 
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Cycles for Mastery Learning process graphic shows how teachers move from instruction 1257 

with clear learning targets to active engagement and practice of the learning targets, 1258 

assess through teacher and peer feedback, and engage with the feedback to 1259 

understand next steps. Return to graphic. 1260 
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